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Abstract 

We construct a class of modules for extended affine Lie algebra 

0[;(Cg) by using the free fields. A necessary and sufficient condition is 
given for those modules being irreducible. 

1 Introduction 

The representation theory of affine Kac- Moody Lie algebras has remarkable 
applications in many areas of mathematics and mathematical physics. Ex- 
tended affine Lie algebras are a higher dimensional generalization of affine 
Kac-Moody Lie algebras first introduced by [H-KT] under the name of quasi- 
simple Lie algebras and systematically studied in [AABGP]. This family of 
newly developed Lie algebras includes toroidal Lie algebras and the cen- 
tral extensions of the matrix Lie algebras coordinated by quantum tori as 
examples. The study of representations for extended affine Lie algebras co- 
ordinated by quantum tori have drawn a lot of attentions recently via various 
module realizations. For instance, the representations via vertex operator 
construction was obtained in [BS], [Gl], [G2], [BGT]. Fermionic and bosonic 
realizations were constructed in [G3] and [L]. Unitary representations were 
studied in [JK], [ER], [GZl] and [Z]. A deformed version was given in [VV]. 

The Wakimoto's free fields construction provides a remarkable way to 
realize affine Kac-Moody Lie algebras (see [Wl], [FF] and [W2]). In [GZ] 
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and [Z], this approach has been successfully used to construct the represen- 
tation of g[;(Cq), the extended afHne Lie algebra of type A coordinated by a 

quantum torus, for I = 2,3. Motivated by [Z] and [GZ2], we shall construct 
in this paper a class of irreducible representations of the extended afhnc Lie 
algebra gl;(Cg) which contains i = 2 in [GZ] as its special case. We further 
give a necessary and sufHcient condition for those modules being irreducible. 

The paper is organized as follows. In Sect 2, we recall some notations 
and definitions. Our main theorem will appears in Sect 3 where we construct 

a class of modules for 0l;(Cq) by using the free fields. Then we work out the 
condition of irreducibility for modules constructed in Sect 4. 



2 Preliminary 

Let q he a non-zero complex number. A quantum 2-torus associated to q is 
the unital associative C-algebra Cg[s^^,i^^] (or, simply Cq) with generators 
s='=^,t='=-'^ and relations 

ss~^ = s~^s = tt~^ = t~^t = 1 and ts = qst. 

Let ds, dt be the degree operators on Cq defined by 

dsis"'^) = ms'^e, dt{s^e) = ns^e 

for m,n E Z. 

Let g[; be the general linear algebra, which is one dimensional central 
extension of the simple Lie algebra si; of type Ai_i. Denote f) the Cartan 
subalgebra of gl^ which is the set of the diagonal matrices, and P C f)* be 
the set of weight lattice. Its Borel subalgebra denoted as b is the set of all 
upper triangular matrices. 

We form a natural central extension of g I; (8) as follows. 

g1^) = Qli ® Cg © Ccs © Cq 

with Lie bracket 

-I- miq ^0. Cs + riiq 

for mi, 771-2, ni, 712 G ^, 1 < hj,k,n < I, where £'jj is the matrix whose 
entry is 1 and elsewhere, and Cg and q are central elements of gt;(Cq). 
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The derivations dg and dt can be extended to derivations on f(l;(Cg). Now 
we can define the semi-direct product of the Lie algebra Qli{Cq) and those 
derivations: _____ 

Shi^q) = Shi^) ® Cds © Cdf 

The Lie algebra 0[^(Cg) is an extended affine Lie algebra of type Ai^i 
with nullity 2. ( See [AABGP] and [BGK] for definitions). 

So the Cartan subalgebra f) of fl[/(Cg) is 

f) = f) © Ccs © Cct © Cds © Cdt, 
the Borel subalgebras b is 

b = b (g) Cq © Ccs © Cct © C4 © Cdt 
and denote n+ = C (8) Cq, j > i > 1} the nilpotent radical of b. 

3 The module 

In this section, we will construct the modules of 5ii{Cq) by using the free 
fields. 
Let 

V = C[xi{m, n),i = 2, • • • ,l,m,,n <E TL\ 

be a polynomial ring with infinitely many variables Xi{m,n), we define the 
following operators: 



eii(mi,ni) = Xi{mi,ni), i = 2, ■ ■ ■ ,1; 



dxi{-mi, -ni) 
J2 g"i"^'+'»"^i+""»'x2(mi + m + m',ni + n + n'\ 



(m,n)eZ' 
(m',n')eZ 



(m,n)eZ2 
(m',n')eZ2 



(m,n) eZ2 
(m',ra')eZ2 





d 


dx2{m. 


, n) dxi{m', n') 








dxs{m 


, n) dxi{m', n') 


d 





dxi{m, 


n) dxi{m', n') ' 
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for z = 2, • ■ ■ ,1; 

d 

eij(mi,ni) = q'^'''^Xi{mi + m,ni + n)- — r, i, j = 2, ■ ■ ■ ,1; 

{m,n)&l? ■'^ ' ' 

d 

eii(TOi,ni) = //(5(^i,ni),(o,o) - X] q^"''^X2{mi + m,ni + n)- — - 

(m,n)€Z2 X2{m,n) 

d 

- X] Q'"'"^a;3(mi + m, ni + ra) 



dx3(m,n) 

- q''"'^xi{mi + m,ni+n)-— 

Di = X^ X^ mxi{m,n) 



dxi(m,n) 



I 

D2 = X X nxi{m,n) 



dxi(m,n) 

Though some operators are infinite sums, they are well-defined when 
acting on V (as only finite summands left). Here we give our first theorem: 

Theorem 3.1. There is a Lie algebra homomorphism 4> '■ Ski'^g) ~^ sK^) 
given by 

(piEij ® s'^e) = eij{m,n),i,j = l,---l, 
<j){ds) = Di,(f>{dt) = D2, (t>{cs) = cPict) = 0. 

Hence V is a module o/g[;(Cq). 

Proof: We only need to check that (p preserves the brackets. The follow- 
ing formidable calculation is to check them case by case. For neatness we 
simplify Yl (™,n)ez2 or E(m,n)ez2 as E- 

(m',n')eZ2 

Ifi^j 

[eii{mi,ni),eij{m2,n2)] 
=[xi(mi, m), - X g"2m'+nm2W^.(^2 + m + m', n2 + n + n'^ 



dxi{m, n) dxj{m', n') 
q Xi[mi + m2 + m ,ni + n2 + n )— — - — - — j- 

CJX j \ TTt J Th J 
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=g"i"'2eij(mi + m2,ni + 712). 



[eji(mi,ni),eu(m2,n2)] 



dxi{-m2, -n2) 

+ [xiimi, m), - y g»2m'+nm2 W2.2(^2 + rn + m',n2 + n + n')—^ , , 

ox2{m,n) oxi[rn ,n') 

+ ■■■ 

d d 



■'^ oxi{m, n) oxi{m', n') 

+ ■■■ 

+ [xiimi, m), - y g"^"^'+""^^+""^'xKm2 + m + m',n2 + n + n')—^-——-^-^] 
^-^ oxi{m,n) oxi[m,n') 

- g-"^^"V'5(^,+n.„n,+n.),(o,o) + E 3'^^"^^+""^^+'^'"^X2(m2 + m + r^, n2 + n + ni)^^^^ 

+ ••• 



oxi{m,n) 

+ g»2'"'+'*i"^2+nim'^./ ^ + mi + m', 712 + ni + n')- ^ 



dxi{m', n') 
+ ••• 



oxi{m,n) 

- g'"^" Wi+m2,ni+n2),(0,0) + 9™ 9"^"*^+"*^^a;2(m2 + m + m,, 112 + u + m) ^ 



5x2 (m, 



+ y g"^"''+'"'^Xi(m2 + m + 777,1, n2 + n + ni)—^ ^ 

oxi{m,n) 

+ ^nim2 ^ q("2+"l)'"'a;i(m2 + 777i + 777', 7l2 + 77i + 7l') 



dxi{m' , n') 

- g'*2"*leil(777l + 7772 , 771 +772) + g"'™^ Cij (777l + 7772 , 771 + 772). 



[eil(777l,77l),ejfc(7772,772)] 



= -Skiq^'^''^Xj{mi + m2,ni + 712) 

= -Skiq^^'^^ejiijni + m2, ni + 7x2). 



[eii(mi,ni),eii(m2,n2)] 
= q"''^"^^eii{mi + m2,ni + n2). 



[eu{mi,ni), eu{m2,n2)] 
d 



dxi{-mi, -ni) 

y ^nim'+nmi W + ^ + ^'^ „^ + ^ + n')^^^^ r , , 

oxj{m,n) Xi{m',n') 



q-m2n2^ 



dxi{-m2,-n2) 
_ J2 g"2m'+nm2+nm'^^.(^2 ^ + m' ,n2 + n + n') 



dxj{m, n) Xi{m', n') 



,.„mini \ ^ n2m' +nm2+nm' 

My / 1 



dxi(m, n) dxAm', n') 

—n\=n2-\-'n-\-n' 

dxAm^ n) dxi{m' ^ n') 

—m2=mi-\-m-\-7n 

ni(m2+m''+m')H-nmi+n(m2+m''+m')+n2rn'+n''m2+n''m' 



• a:;j(mi + m + m2 + m" + m', ni + n + n2 + ra" + n') 

_|_ ^ ^ ^nim' +{n2+n+n'')mi+{n2+n+n'')m' +n2rn'' +nrn2+nm'' 

■ Xj {nil + 77T. + m2 + m" + m' ,ni + n + n2 + n" + n') 
^ ^ ^n2(mi+m"+m')+nm2+n(mi+m"+m')+nim'+n"mi+r! 

• Xj (mi + m + m2 + m" + m! ,ni + n + n2 + n" + n') 



d 


d 


d 




dxj{m, 


n) dxi(m" , 


n") dxi(m' , 


n') 


d 


d 


d 




dxj{m, 

/'m' 


n) dxi(m" , 


n") dxi{m', 


n') 


d 


d 


d 





dxj{m, n) dxi{m", n") dxi{m', n') 
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^ ^ ^n2m' +{ni+n+n'')m2+{ni+n+n'')m' +nim'' +nrni+nm'' 

Xj{'mi + m + 1712 + fn" + fn', ni + n + n2 + n" + n')- 



dxj(m, n) dxi{m", n") dxi{m', n') 

=0. 

If i ^ h 
[eii(mi,rai),ey (777,2,712)] 

_ ^ g"2m'+nm2W^^(^2 + m + m', 7^2 + n + 7l') 

OXi{-mi, -m) 
_ J2 ^"^'n'+'^rna+nm'^.^^^ + rn + m',n2 + n + n') 

+ [- y g"i"^'+"™i+""*'a;.(77ii + m + 7n', tzi + + v!)^-j- , , , 

axj (rri, rz) oxi{m, n') 

d 

-m2n2,, ^ T 

q fj, 



' dxkim, 


n) dxi{m', n') 


d 


d 


dxk{m, 


n) dxj{m', n') 


d 


/ ,1 



dxj{-m2, -712) 

Xk{lTll + 7712 + 771 + 77l' + 77l", Til + 7Z2 + 71 + 7l' + u"] 



^ ^ ^ni{m2+m'' +m')+nmi+n{m2+m'' +m')+n2m' +n''m2+n''m' 



_j_ ^ ^nim' +{n2+n+n'')mi+{n2+n+n'')m' +n2rn'' +nrn2+nm'' 

■ Xk{mi + 77l2 + 771 + 77l' + 77l", TZl + 7Z2 + 71 + 7l' + Tl") 
^ ^ ^n2(mi+m'+m")+nm2+n(mi+m'+m")+nim'+n"mi+n 

• XfeC™! + "^2 + m + m! + m", TIi + 7l2 + 7l + 7l' + 7l") 
^ ^ ^n2m'+(ni+n+n")m2+(ni+n+n")m'+nim"+nmi+nm" 

• Xk{mi + 7772 + m + m' + m", Tii + 712 + 77 + 77' + 77") 



d 


a 


a 




dxkim, 


n) axi{m", 


n") dxj(m' 


,77') 


d 


a 


a 




8x1(7x1', 

I'm' 


n') axk{m, 


n) axj{m", 


77") 


a 


a 


a 




dxkim, 


n) axj{m", 


n") axi{m' 


,77') 


a 


a 


a 




axj {m' 


, n') axk{m. 


, 77) axi{m", 


77") 



— mim \ ^ n2m'+nm2+nm' 



axiim, n) ax Am' n') 

—n\ =n2+n+Ti' 



+ IJ,q~"^^"''^ y ^ ^nim' +nmi+nm' " 



dxj (m, n) dxi im' n') 

m2 = mi+m+m' J\ ' / " \ / 



=0 



as the first and the fourth canceled each other and the second one and the 
third are negative to each other; and the last two kill each other according 
to the calculation of the case [eii{mi,ni),eii{m2,n2)]- 



[eii{mi,ni),eikim2,n2)] 
-mmi (-mi-m2)n2 



dxk{—mi — 7712, —ni — 712) 

_ ^ ^ ^ni{m2+rn')+nmi+n{m2+m')+rn' n2 

X2 [jm + + m + m,ni+n2 + n + n 



dx2{m,n) dxk{m' ,n') 

^ qni{m2+m')+nmi+n{m2+m')+m' n2 

, I d d 

■ xi[mi + 777-2 + m + m,ni+n2 + n + n 



dxi{m, n) dxk{m', n') 

^ ^ qnim' +{n2+n)mi+{n2+n)m,' +m.n2 

/ / i\ d d 

■Xi{mi + m2 + m + m ,ni +n2 + n + n) — -- — 

oxi{m ,n ) oxk{m,n) 

_j_ ^ ^ q{mi+m+m')n2+nim' +nmi+nm' 

/ / /\ 9 9 

■ Xi{mi + 1712 + m + m ,ni + n2 + n + n ) 



dxk{'m, n) dxi{m', n') 
=q"'^"'^eik{mi + m2, m + 712). 

For i ^ k: 
[eii{mi,ni),ekk{m2, 712)] 

--[- Yl +m + m',m+n + n') ^ f ^. , 

oxk{m, n) oxi{m, n') 

y^ q'^"^Xk{m2 + m, n2 + n)- — -] 

oxk\m,n) 

_ ^ ^ ^nim'+(n2+n)mi+(n2+n)m'+mn2 
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Xk{mi + 771-2 + rn + m', ni + n2 + n + n') ^ 



dxi{m',n') dxk{m,n) 

_j_ ^ ^ ^{mi+m+m')n2+nim' +nmi+nm' 

, I 1^ d d 

■ Xk{mi + 1712 + m + m ,ni + n2 + n + n — ; r-^ — — tt 

oxk{ni, n) oxi{m', n') 

=0. 

For i k and k ^ j: 

[eii(mi, ni), efej(m2, 712)] 

=[- E ?"^"*'+""^^+""''^fc(mi + m + m', m + n + n')—-^-——-^^^ 
^-^ oxk[m, n) oxi{m, n') 

_ y2 g-i-'+"-^+--'x,(mi +m + m',ni + n + n')^-^-——-^-^, 
^-^ oxj{m,n) oxi[m' ,n') 

E,--x.(m2+m,n2+n)^-^] 

^ ^ ^nim'+(n2+n)mi+(n2+n)m'+mn2 

/ / 9 d 

■ Xk[mi + 777-2 + 777 + 777, 77l+ 772 + n + nj 



+ g("*i+'"+"''')^2+'ii"i'+nmi+nm' 

• Xk{mi + 7772 + 777 + 777', 771 + 772 + 77 + n'] 



dxi (m' , n') dxj (m, n) 

d d 



dxj{m, n) dxi(m' , n') 
=0. 



[eii(777l,77l), 611(7772,772)] 
= [q-m.n,^^d ^ _ gUm,^^^^^ + 777 , 772 + 77^ ^ 



dxi{—mi^ —rii ^ 9xfc(m, n) 

+ E + 777 + 777', 771 + 77 + nO „ f 

^ oxk{m,n) oxi{m,n') 

-E«""^^-.(-2+m, 772 + 77)^^-^] 



+ El- E + 777 + 777', 771 + 77 + nO . f 

-E«""^^^.("^2 + m,772 + 77)^^^] 
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„n2m\ ,,„-(mi+m2){ni+n2) 



dxi{-{mi + m2), -(ni + n2)) 

_l_ ^ ^ f ^nim'+(n2+n)mi+(n2+n)m'+nm2 



, , d d 

■ Xk{mi + m2 + m + m ,ni + n2 + n + n )- 



^ q{ni+n+n')m2+nim' +nmi+nm') 

■Xk{mi + m2 + m + m', ni + n2 + n + n'] 

_j_ ^ ^nim'+(n2+n)mi+(n2+n)m'+nm2 

• Xi{mi + 777-2 + m + m', ni + n2 + n + n'^ 

^ ^ ^(ni+n+n')m2+nim'+nmi+nm') 

• Xi{mi + m2 + m + m', ni + n2 + n + n'^ 



ni(m'+m2)+nmi+n(m'+m2)+n'm2 



fe=2 

• Xk{mi +m + m' + m2, ni + n + n' + 77-2) 

n2mi ,, „-(mi+m2)(ni+n2) 

y My 





, n) dxi{m' 


,n') 


d 


d 


\ 


dxk{m, 


n) dxi{m', 


n')) 


d 


d 




dxi{m, 


n) dxi{m', 


n') 


d 


d 




dxi{m, 


n) dxi{m', 


n') 


d 


d 




dxk (m 


, n) dxi{m' 


,n') 



dxi{-{mi + 7712), -{ni + 772)) 



+ 9™ EE 



mm' +nmi + (n2 +n)m' +nm2 



, I /^ 9 d 

Xk[mi + 7772 + 777 + 777, 77l +772 + 77 + 77) 



dxk{m,n) dxi{m',n') 



-_ _ q,"2mig^.(-^^ + ^2,7X1 + 772). 

If 1 < 7, j, k,r ^ n, 
[cy (7771, 771 ), efer (7772, ^72)] 

=E (T^'^Xiimi + 777, 771 + n)^—, -, E g"*"'a;fe(7772 + 777, 772 + n)—- 

^-^ oxj[m,n) oxr{m,n) 

-Sik E g^"''+™^"^+'""'a;i(777l + 7772 + 777, 771 + 772 + Tl)—^ 
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- y^g*^"'i+'")"2+mr!.i^^|-j^^ + ^2 + m,ni + 712 + n)- — ; 

■'^ oxj{m,n) 

-Sjkq"''^^ V g'"("i+"^)x,(mi + m2 + m, m + n2 + n) , f . 

oxr{m,n) 

- Sirq"''''^ y g"*("i+"2)xfe(mi + m2 + m, m + n2 + n)^^^ r 

oxj{m,n) 

^Sjkq'^'^'^^eirimi + m2, ni + n2) - 5ir9"*^"^efej(mi + m2, ni + 712). 

For i ^ I, 
[eii(mi,ni),eii(m2,n2)] 

^^y^ mni^.^^^ _^ ni + n)^— ^ Vg"'"^^,.^^^ + m,n2 + n)^— ^ ^] 

dxi{m,n) ^ oxi{m,n) 

- y g('"2+'")"i+""'2xi(mi + m2 + m, m + n2 + n)^— ^ 

^-^ oxi{m,n) 

+ y g("i+")'"2+mm^.(^^ + ^2 + m, Til + n2 + n)— 

^-^ oxi[m,n) 

--0. 



[ey(mi,ni),eii(m2,ri2)] 

d 

q"^^^Xi{mi +m,ni + n 



dxj{m, n) ' 

^ ^"-..(7.2 + 7n, 7^2 + -)^^^(;;^ - E ^""^^-.(-2 + -2 + 

777-2 + "I, J^l + «2 + ' 



77 



dxj{m, n 

+ y g("l+")"^2+mm^.(^^ + ^2 + m, 771 + 772 + n)—^ 

^-^ oxj[m,n) 

--0. 



[eil(777l,77l), 611(7772, 772)] 

g[- 5; ,"-X.(777l + 777 , 771 + 77)^^^^, 
-j;g--X.(7772 + 777, 772 + 77)^^^] 
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, "yry q^^i^^+^)+^'^^xAmi + ma + m, ni + ns + n)—^ 

^ ^ dxi{m,n) 

_ g"*2("i+'*)+'"i"xi(mi + m2 + m, m + n2 + n)— -) 

oxi{m,n) 

■ ~ 9 /^"(mi+m2,ni+n2),(0,0) 

+ {n2+n)+m2n^ . + + „^ + n) 

1=2 

+ 9 /^<'(^j+^2,ni+n2),(0,0) 
/ 



dxi{m, n) 



(z"^("^+"^+'"^"xi(mi +m2 + m,m+n2 + n)^-^ .) 

dxi{m,n)' 

= - q'^^^^eiiim-i + m2, ni + na) + q'"''"^en{mi + m2, ni + na). 

For the proof of brackets involving Di, we can refer to [Z] for details. □ 

It is obvious that F is a module of Qii{Cq) generated by 1, and n+.l = 0. 

Hence V is the highest weight module of g[;(Cq), and its highest weight 
vector is 1, with the weight a, such that 

a{Eii) = ijL,a{Eii) = 0,iy^ l;a(cj) = a{dj) = 0,j = s,t 

Remark 3.1. The module given in [GZlJ is a special case of this module 
for 1 = 2. The one in [Z] is in a similar way of choosing different Borel 
subalgebra. 

4 Irreducibility 

Since the centers Cs,ct act on V trivially, we can view y as a module of 
(g) Cg. It is a weight module with the Cartan subalgebra i), the highest 

weight is a\^, we still denote it by a. 

We need to figure out the weight spaces of V. Before doing that, we 

introduce some notations which will be used later. 
Let 

/ ("T-21,n2l) ••• (m2fc2,"2fc2) \ 

(m3i,n3i) ••• (m3fc3,n3fc3) 



(M,iV) 



\ {run, nil) ■■■ {miki,niki) J 
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with ki G Z>o, {mij,nij) G Z^, and mu < mi2 < • • • < rriiki for i = 2, ■ ■ ■ I. 
(M, A?^) is a form with I — 1 lines, ki is the length of {i — l)-line, length is 
means this line is empty. 

{M,N) = {M',N') if two forms are the same; we call {M,N) and 
(M', N') the same type if the length of every line in (M, TV) and (M', TV') 
are the same. We denote the monomial V(^m,n) as (M, N) defined above as 

V{M,N) = X2 (m2i , n2i ) • • • X2 (m2fc2 , n2fe2 ) ■ ■ ■ xi{mii,nii) ■ ■ ■ xi {miki , niki ) 

If fcj = 0, i = 2, • • • , this is 1. 
Since 

eii(0,0)(i;(M,Ar)) = 1^ - k2 ki,eii{0,0){v) = ki,i ^ 2, 

the weight of V(^m,n) is 

= 11 -k2 ku (3{Eu) = k„i^ 1. 

Hence the weight space is spanned by all those monomials v^m,n) with 
(M, N) the same type. 

Theorem 4.1. V is irreducible module o/g[; (8> Cq i/ anc? ori/y if 0. 

Proof: It is obvious that if = 0, F is reducible, with the largest submodule 
is the polynomials without constant term. 

On the other hand, since this module is a highest weight module, we 
only need to show that there is no other highest weight vector except 1 if 

Suppose 

= XI ^{M,N)V{M,N) 
{M,N) 

be a highest weight vector, here is a finite sum, and for all (M, N) are the 
same type, (i.e is in a weight space). Hence n+ acts as on v. 
At first we consider the case j > i>2: 

kj 

eij{m, n)-v = ^ a(M,Ar) ^ q"''''"' Xi{m + mjr,n + rijr) ■ X2im2i,n2i) ■ ■ ■ 

{M,N) r=l 

X2{m2k2,n2k2) ■ ■ ■ Xj{mjr,njr) ■ ■■xi{mii,nii) ■ ■ ■ xi{miki,niki) 
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- "'[M',N')^iM',N') - 0, 

{M',N') 

here means that this term is omitted (the same for the following ). 
Suppose (M, N) is not empty in some {j — l)-th line, if we choose (m, n) big 
enough, then in {M',N'), the last one in the (i — l)-th line is 

{rrijk^ +m,njkj +n), 

so if ci'(^M' N') ~ ^'^iM,N) for some {M,N), with c is a nonzero complex 
number, so a'^^, = 0, hence at^M,N) = 0- 

Therefore for the highest weight vector, type of (M, A^) is empty in the 
lines other than the first one, so we simplify (M, A^) = ((mi, ni), • • • , (m^, Uk)) 
in the following. 

Suppose that the highest weight vector is 

v= ^ a(M,iV)a;2(mi,ni) • • •X2(mfe,nfe) 

{M,N)£K 

where K is a set of some (M, N) = ((mi, ni), • • • , (m^, n^)) with the same 
types. 

In the following, we consider the action of 612(0,^). It is easy to check 
that if 612(0, b)v(^M,N) a-iid 612(0, fc)i'(M',Af') ^-re linearly dependent for all big 
enough a, 6 G Z, then U(M,iV) aiid '*^(M',iV') must satisfy 

k k k k 

^ mi = ^ m^, ^ nj = ^ 

j=l 1=1 1=1 i=l 

So we can assume that 
k k 

^mj = m, = n, (M, AT) = ((mi,ni), • • • , {mk,nk)) G if 

i=i 1=1 

for some m,n G 7,. 

If = 1, then we have v = 0x2 (m, n), hence 

= ei2(-m, -n)?; = aq~"^"^ii. 

So we get a = 0. 
If = 2, then 

V = '^Cmi,niX2{mi,ni)x2{m -mi,n- Hi) 
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where J is an index set. Now let I = {{mi,ni) \ i e J}. By symmetries, we 
can assume nii < ^ ^or i E J and if {^,nj) G / then < ^. 
Now for a, 6 G Z, we have 

= 612(0, h)v = Ax2{'m + a,n + b) 

where 

A =/i^~"*(C'-a,-b + Cm+a,n+b) 

_j_ y ^ (J ^^b{m—mi)+ani+ni{m-mi) _|_ ^6TOf+a(n-nf)+mi(n-nf)^ 

First of all, for b big enough and all a G Z, we have 

n — \ ^ I „ani+ni{rn-mi) b{m—rni) I a{n-ni)+mi{n-ni) bmi\ 

ieJ' ieJ" 
where J' C J such that 

{rui I i G J'} = {rrii \ i E J} and rrii rrij ii i j E J'; 
J" C J' such that 

{mi\ie J"}U{— } = {mi\ie J'} if y G {m^ | i G J'} 
and J' = J" otherwise; and where 

Am, = J2 ^rn„n, + for i G j' 

{mi,k)el 

and 

= Yl for i G J". 

(mi,fc)€7 

If g is not a root of unity, then we have q("'-~'^i\ i E J' and g™' , i & J" are 
I J'l + I J"| distinct nonzero complex numbers. Because of the nonvanishing 
of Vandermonde dterminant, we have that A^^ = 0, i G J' and -B^. = 0, 
i G J" hold for all a G Z. Now we have 

n _ \ ^ ( ^ani+ni{m—mi) b{m-mi) , ^ „a(n— ni)+mi(n— n,) 6mA 

ieJ 
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for all a, 6 G Z. 

If g is a primitive L— th root of unity, then for b big enough and all a G Z, 
we have 

n — \ ^ I „ani+ni{m-mi) b(m-mi) , a{n-ni)+nii(n-ni) bmA 

ieJ 

j=0 

where 

Dj= Yl ^m,+ Yl ^^i- 

j = m — m^(mod L) j = m^(mod L) 

Because of / g-^ if < i / j < L — 1, so we have Dj = for all 
< j < L — 1 and a G Z. Hence 

A _ \ ^ ( r' ^ani+ni{m-mi) b{m-mi) , ^ ^a{n-ni)+mi(n-ni) bmA 

ieJ 

for all a,b eZ. 

Now for any nonzero complex number q and all a, 6 G Z, we have 

A = liq~°'^{C-a-b + Cm+a,n+b) = 0. 

If (f , §) G /, taking a = -f and 6 = -f , we get C-,n = 0. 
If f ) 7^ {mi,ni) G /, then (m - mj,n - n^) ^ /. 
Setting a = —rrii and 6 = — n^, we have 

thus Cmi,ni = 0- Now we know Cmi,ni = for all z G J, i.e., v = 0. 
li k > 2 and |K| = a, then 

13=1 

where 

C/3 G C, + mi3k > niy^k-i + m^k ifl</3<7<a 

and for the same mp^k~i +T^i3ki giving the similar ordering on np^k-i '^i^i3k- 
Now we rewrite v as following 

a 

V = ^C'/3i;;3X2(m/3,fe_i,n;3,jt_i)a;2(m/3fe,n;3jk). 
13=1 
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Assume that 

Vi=V2 = ■■■ = Vr^ Vr+l 

and set 

mi,fe_i + mi,fe = • ■ ■ = mr,jfc-i + mr,k = m' 

and 

'ni,k-i + ni,jk = • • • = nr,k-i + nr,A; = n'. 

Then 

I 

V =vi ^ Cf3X2{mi3^k-i,'n(3,k-i)x2{m' - mp^k-i,^' - np^k-i) + other terms 
13=1 

=vi v' + other terms . 

Now we can easily see that 612(0, b)v' = for big enough b and all a G Z. 
By above discussions, we have v' = 0. Continuing this process, we will have 
v = 0. 

Now, we must have k = 0. i.e., 1 is the only highest weight vector up to 
a scalar multiple. □ 
Together with the actions of dg and dt on V, we can easily obtain that 

Corollary 4.1. V is an irreducible module of Qli{Cq) if and only if fi ^ 0. 

If /Lt = 0, it is obvious that the module is reducible, with the maximal 
submodule W which consists of the polynomials without constant term. 
Here we can get a parallel result of Thm 2.4 [GZ2]. 
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